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Motivated by recent proposals to realize Majorana bound states in chains and arrays of magnetic
atoms deposited on top of a superconductor, we study the topological properties of various chain
structures, ladders and two-dimensional arrangements exhibiting magnetic helices. We show that
magnetic domain walls where the chirality of a magnetic helix is inverted support two protected
Majorana states giving rise to a tunneling conductance peak twice the height of a single Majorana
state. The topological properties of coupled chains exhibit nontrivial behaviour as a function of the
number of chains beyond the even-odd dichotomy expected from the simple Z2 nature of coupled
Majorana states. In addition, it is possible that a ladder of two or more coupled chains exhibit
Majorana edge states even when decoupled chains are trivial. We formulate a general criterion for the
number of Majorana edge states in multichain ladders and discuss some experimental consequences
of our findings.
PACS numbers: 73.63.Nm,74.50.+r,74.78.Na,74.78.Fk
I. INTRODUCTION
Last few years have witnessed a great growth of interest
in topological superconductivity and Majorana fermions
in these systems.1 Majorana bound states (MBS) arise as
Bogoliubov quasiparticles of topological superconductors
and are always created in pairs. Two spatially separated
MBS can accommodate one ordinary fermionic state in
a highly non-local fashion, a property that could be em-
ployed in quantum information storing and processing.2
In addition, the non-abelian statistics3,4 obeyed by MBS
make them promising candidates for topological quantum
computing.5–8
Recent experiments in semiconducting nanowires ex-
hibit intriguing signatures of Majorana states.9–12 Build-
ing on previous work by Fu and Kane,13 the existence
of MBS in these systems was predicted independently
by Lutchyn14 and Oreg15 and collaborators. The ef-
fective low-energy description of the nanowire model is
equivalent to Kitaev’s toy model, a paradigmatic one-
dimensional (1D) topological superconductor.2 From an
experimental point of view, the identification of MBS in
nanowire systems is greatly complicated by effects of dis-
order that are unavoidably present. As understood re-
cently, characteristic signatures of MBS such as zero-bias
tunnelling peaks and the fractional Josephson effect may
have alternative explanations. Novel realizations of MBS
that could circumvent some of the complications of ex-
isting proposals are under active study.
A crucial ingredient of Kitaev’s toy model complicat-
ing experimental realizations is the requirement for es-
sentially spinless fermions. The necessary lifting of the
spin degeneracy in the nanowire model is implemented by
Rashba spin-orbit coupling in combination with a mag-
netic field. Various forms of magnetism also offer a pos-
sible route to topological superconductivity. As recently
pointed out, helical magnetic order can effectively mimic
Rashba coupling16,17 which has motivated the pursuit for
MBS in magnetic systems. Proposals for magnetic real-
Figure 1: We study the properties of Shiba chains (corre-
sponding to a single row) and ladders fabricated by deposit-
ing magnetic atoms on top of a superconductor by STM. The
magnetic moments give rise to electronic impurity states that
are coupled to each other.
izations of MBS can be roughly divided into two cate-
gories: systems based on engineering permanent magnets
in the vicinity of nanowires18? –20 and systems arising
naturally from microscopic interactions. The advantage
of the systems in the first category is that they can be ma-
nipulated and controlled similarly to Rashba wires; how-
ever, they also share some of their weaknesses. Exam-
ples of systems in the second category are arrays of mag-
netic atoms deposited on top of a superconductor.21–26
Magnetic atoms can create Yu-Shiba-Rusinov impurity
sites27–30 effectively forming a lattice. Coupled sites en-
able electron hopping from one site to another giving
rise to an impurity band. The magnetic moments of
the atoms lift the spin-degeneracy on the impurity site
and the system may become topologically nontrivial, thus
supporting MBS. The advantage of the impurity chain is
that the sites can be deposited very accurately in the de-
sired formation using STM, therefore eliminating an im-
portant source of disorder.21 In addition, impurity sites
can be accessed individually and hence searching for sig-
natures of MBS in the tunneling spectrum is flexible.
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2Figure 2: a) Helical magnetic order in the chain may give
rise to topologically nontrivial phase and Majorana states lo-
calized at both ends. b) Domain wall separating two regions
of opposite chirality supports two Majorana states that are
degenerate for a planar texture.
Therefore these systems could potentially serve as an ac-
curate testing ground for the generic properties of 1D
topological superconductors.
Motivated by the model of an atomic chain with heli-
cal magnetic order, we study the topological properties
and Majorana states of magnetic domain walls, quasi-1D
structures and coupled chains. We begin by revisiting the
properties of the 1D model21 and predict the existence
of two protected zero-energy MBS in a magnetic domain
wall where the chirality of the magnetic spiral is inverted.
These MBS are protected by chiral symmetry and can-
not hybridize when the magnetic texture is confined to
the plane. Therefore the tunnelling conductance to the
domain-wall sites should exhibit a zero bias peak 2× 2eh
in the low-temperature limit, twice the height associated
with a single MBS. After this we focus on ladders created
by coupling 1D chains and discuss the topological proper-
ties of these systems. In a simple physical picture devel-
oped below we explain how ladders can be thought of as
a collection of independent transverse channels, a num-
ber of which can be in the nontrivial state. We provide
a rule for the number of Majorana end states in ladders
in Fig. 1 and study effects of unideal features by numeri-
cal calculations. We point out that number of MBS does
not follow from the simple even-odd variation of number
of coupled chains in the ladder, as expected from the Z2
character of interacting Majorana end states. We con-
clude by discussing some experimental consequences of
our findings and summarizing our results.
II. MAJORANA STATES IN CHAINS
A. Topological properties of simple chains
Here we revisit the 1D chain of helical magnetic impu-
rity sites on a superconductor studied in detail in Ref. 21.
A helical texture could arise from the RKKY interac-
tion between localized moments mediated by electron-
hole pairs24–26 but spin-orbit coupling arising from the
surface effects may be important. Therefore we treat the
pitch of the helix as a free parameter. For random impu-
rity orientations the model has been studied in Ref. 23
where it was pointed out that the topological regime can
also be achieved in this case. A microscopic derivation of
an effective hopping model with similar low-energy prop-
erties was recently considered in Ref. 22, the main differ-
ence being the long-range nature of hopping. In Sec. IV
we discuss the relationship between these models.
The Hamiltonian of a single horizontal chain in the
ladder depicted in Fig. 1 and shown in detail in Fig. 2 a)
is described by
H1d = tx
∑
nα
(f†nαfn+1α + h.c.)− µ
∑
nα
f†nαfnα+∑
nαβ
(Bn · σ)αβf†nαfnβ + ∆
∑
n
(f†n↑f
†
n↓ + h.c.), (1)
where the first term arises from electron hopping with
amplitude tx, the second term fixes chemical potential µ,
an effective Zeeman field is given by Bn and the term
proportional to ∆ originates from superconducting pair-
ing. The Pauli matrices acting on spin are denoted by σi.
In the following we assume a helical magnetic texture in
the lattice Bn = B0{sin(nθ)xˆ +cos(nθ)zˆ} where θ deter-
mines the relative angle of the Zeeman field on two adja-
cent sites. We concentrate on planar textures Bn · yˆ = 0
unless otherwise stated. Introducing the Nambu spinor
Ψi = (fi↑, fi↓, f
†
i↓,−f†i↑)T , we can write Eq. (1) in the
Bogoliubov-de Gennes (BdG) form H = 12
∑
ij Ψ
†
iHijΨj
with
Hij = txτz(δi+1,j + δi−1,j)+
+ δij (−µτz +Bi · σ + ∆τx) , (2)
where matrices τi are Pauli matrices operating in the
particle-hole space. By assuming that the spin rotation
angle θ is a rational fraction of 2pi, it is possible to impose
periodic boundary conditions for chains where the spin
rotates an even number of times. The spectrum of the
system and the Pfaffian invariant determining the topo-
logical phase was computed in Ref. 21. As expected, the
signature changes of the Pfaffian coincide with the gap
closing of the spectrum and the condition for the topo-
logically nontrivial phase becomes√
∆2 +(|µ|+ 2|txα|)2) >B0>
√
∆2 +(|µ| − 2|txα|)2) (3)
where α = cos (θ/2).21 While this result was derived for
periodic systems, it is also relevant for systems with open
boundary conditions since these exhibit MBS localized at
the ends of the chain when the condition (3) is satisfied.
However, we would like to point out that the Z2 classifica-
tion by the Pfaffian invariant does not provide a complete
picture of topological properties. For a general magnetic
texture (not necessarily planar), the BdG Hamiltonian
(2) exhibits particle-hole symmetry {Hij , τyσyK} = 0,
where K denotes complex conjugation. However, in the
studied case of planar helical magnetic order Hij also
possesses chiral symmetry {Hij , τyσy} = 0 and thus the
system actually belongs to the BDI class in the topologi-
cal classification.31 This fact has important consequences:
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Figure 3: Topological phase diagram for a planar texture
as a function of the pitch angle θ and Zeeman energy for
tx = ∆, µ = 4∆. The energy gap vanishes near θ = 0 and
θ = 2pi, therefore the robust nontrivial states are located in
the interior region away from the boundaries.
chiral symmetry actually imposes a reality condition, so
the effective low-energy description in terms of a Kitaev-
like model contains only real hopping amplitudes. This
is also the reason why relaxing the requirement of planar
texture leads to complex hopping terms in the low energy
model, discussed in the context of a microscopic deriva-
tion of the Shiba-chain model.22 Furthermore, topologi-
cal sectors of the BDI symmetry class are characterized
by Z-valued invariants in 1D. As a consequence, it is pos-
sible that domain walls and phase boundaries of model
(2) support multiple protected MBS as shown below. An
approximate chiral symmetry may have important impli-
cations since a small chiral symmetry-breaking Zeeman
field component lifts the degeneracy of multiple MBS
but does not annihilate them. The topological implica-
tions of chiral symmetry in 1D systems have been stud-
ied previously in superconducting wires32–34 and normal
systems.35
B. Majorana states at magnetic domain walls
Having established the basic properties of simple heli-
cal chains, we now concentrate on a situation where the
helix changes its chirality at a domain wall. This situa-
tion is depicted in Fig. 2 b), where the clockwise rotation
of the Zeeman field changes to counterclockwise rotation
implemented by changing θ → −θ at the domain wall.
The condition (3) based on Z2 classification does not dis-
tinguish two nontrivial states corresponding to opposite
chiralities. An appropriate Z-valued winding number in-
variant of the BDI class can do this. Since a rotating
magnetic field is closely related to the Rashba spin-orbit
coupling, the magnetic domain wall is analogous to in-
verting the sign of the Rashba coupling.34 As pointed out
in Ref. 34, the topological phase diagram has three dif-
ferent sectors where the nontrivial phase is split into two
separate phases. In analogy to the Rashba wire model,
we also expect to find two degenerate MBS located at
the boundary between two chiralities.
Numerical solution of the spectrum of Hamiltonian (2)
with a magnetic domain wall θ → −θ confirms our qual-
itative expectations. In Fig. 4 we have plotted the low-
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Figure 4: a) Spectrum of a finite chain with 80 lattice sites
with a domain wall in the middle corresponding to parameters
tx = ∆, µ = 4∆. At critical Zeeman energy the system un-
dergoes a topological phase transition and exhibits four zero
energy Majorana bound states. Figure b) shows the domain-
wall profile and indicates the locations of the four Majorana
states corresponding to the zero-energy states in a).
lying energy bands as a function of the Zeeman energy.
For a finite range of B0 there exist four mid-gap MBS sep-
arated from the other states by a gap. Two of the states
are located at each end of the chain and two are located
at the domain wall. Analogously to the case studied in
Ref. 34, the magnetic domain wall separates two distinct
topological sectors and therefore support two MBS.
Since for a range of values of B0 the magnetic domain
wall plays the role of a phase boundary of two sectors,
the two MBS located at the domain wall are expected
to be insensitive to the details of the domain wall. A
specific shape and size of the domain wall is not rele-
vant for the existence the MBS as long as it interpolates
between opposite chiralities. In particular, it is not nec-
essary that B0 and |θ| have the same asymptotic values
on both sides. The two MBS cannot hybridize to finite-
energy states as long as chiral symmetry remains intact
and the overlap between the domain-wall states and the
MBS located at the chain ends vanishes. Possible chiral-
symmetry breaking perturbations include Zeeman field
By in the y direction and the superconducting phase gra-
dient arising from a finite supercurrent. Surprisingly our
calculations indicate that weak By is not sufficient in lift-
ing the degeneracy of the domain-wall states.
The physical origin of the domain wall and the helix
structure in general is an interesting question itself. Heli-
cal order may arise from the RKKY interaction between
localized moments depending on microscopic details as
well as the distance between the lattice sites. In addition
to that there are surface effects that may favour one chi-
rality over the other36, making the detailed form of the
structure difficult to predict. However, if the two oppo-
site helical configurations are nearly degenerate, domain
walls are likely to be present. Since atoms can be placed
in arbitrary structures using STM, it could be possible
to engineer domain walls artificially. Some implications
of the domain-wall states to experimentally observable
signatures are discussed in Sec. IV.
40
0
1
2
3
4
5
6
7
8
θ
|B
|
One pair of MFs
Two pairs
0
0
1
2
3
4
5
6
7
8
θ
|B
|
One pair of MFs
Two pairs
Three pairs
Figure 5: a) Number of Majorana end states in a ladder of
two coupled chains Nz = 2 as a function of tilt angle and
Zeeman field corresponding to parameters tx = ∆, tz = ∆,
td = 0, µ = 4∆ and θ = pi/2. b) same as a) but for three
coupled chains.
III. COUPLED CHAINS
The previous discussion of single chains provides suffi-
cient ingredients to understand the properties of ladders
constructed by coupling single chains. We concentrate
mostly on systems similar to that depicted in Fig. 1,
where the Zeeman field rotates along the longitudinal
direction while different horizontal chains are coupled
through the transverse hopping tz and diagonal hopping
td. This geometry and magnetic texture is obviously just
one among many possibilities, but interestingly the struc-
ture of a double chain of Fe atoms observed in Ref. 36 is
arranged in this type of configuration. Complementing
the analytical treatment of identical horizontal chains,
we study numerically more general effects of disorder in
helical alignment as well as more complicated textures.
The Hamiltonian of ladders with Nx columns and Nz
rows can be expressed similarly to Eq. (2), with two addi-
tional hopping terms coupling the horizontal chains. De-
noting the position of the atoms in the ladder by (i, j),
the hopping part becomes
1
2
∑
ij
(
txΨ
†
(i+1,j)Ψ(i,j) + tzΨ
†
(i,j+1)Ψ(i,j)+
+ tdΨ
†
(i+1,j+1)Ψ(i,j) + h.c.
)
, (4)
while the local part remains unchanged. The spectrum
and Majorana states can be solved numerically as pre-
viously. However, in the case of a homogeneous ladder
where the magnetic texture depends only on the horizon-
tal coordinate (as in Fig. 1) it is possible to make ana-
lytical progress. In that case it is convenient to regard
the ladder as a 1D system with an additional transverse
sublattice structure of Nz components. The field opera-
tors at horizontal site i should be generalized to accom-
modate the sublattice structure Ψˆi = (Ψ1i ,Ψ2i . . .Ψ
Nz
i )
T .
The BdG Hamiltonian in the new basis then takes the
effectively 1D form H = 12
∑
ij Ψˆ
†
iHijΨˆj with
Hij = (tx + tdS)τz(δi+1,j + δi−1,j)+
+δij [(−µ+ tzS)τz +Bi · σ + ∆τx] , (5)
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Figure 6: a) Colours indicate the number of MBS at each
end (topological transverse channels) in a ladder of two cou-
pled chains Nz = 2 as a function vertical hopping. The plot
parameters are tx = ∆, td = 0, µ = 4∆ and θ = pi/2. b)
Same as a) but for Nz = 3.
where S is Nz × Nz hopping matrix operating on the
sublattice degree of freedom Snm = δn,m+1 +δn+1,m with
n = 1 . . . Nz − 1. To further simplify Eq. (5) we note
that the eigenvalue problem in sublattice space Sxp =
λpxp can be solved exactly, where λp = 2 cos [ ppi(Nz+1) ]
and [xp]q =
√
2
n+1 sin [
pqpi
Nz+1
]. After a unitary transform
in the sublattice space the Hamiltonian (5) decouples to
Nz independent 1D expressions
Hpij = (tx + tdλp)τz(δi+1,j + δi−1,j)+
+δij [(−µ+ tzλp)τz +Bi · σ + ∆τx] . (6)
Thus we have explicitly derived the result stating that
a ladder of Nz coupled chains is effectively described by
Nz independent 1D chains with renormalized chemical
potentials µp = µ − 2 tz cos [ ppi(Nz+1) ] and hopping ampli-
tudes txp = tx + 2 td cos [ ppi(Nz+1) ] for p = 1 . . . Nz.
The result (6) provides a general framework to dis-
cuss the topological properties of ladders. Since lad-
ders decouple to independent 1D systems, their topolog-
ical properties can be solved by considering transverse
modes separately. The modes differ only by the val-
ues of the chemical potentials and hopping amplitudes
and the nature of each mode is determined by Eq. (3),
where µ should be replaced by µp and tx by txp for each
p = 1 . . . Nz. Also, the renormalization effects from tz
and td are very similar from a topological point of view
as is evident in Eq. (3) The maximum number of topolog-
ical channels is obviously Nz, but any number between 1
and Nz in general is possible depending on parameters.
In Fig. 5 we have plotted topological phase diagrams for
different numbers of transverse modes as a function of θ.
A comparison between Figs. 3 and 5 immediately reveals
how the parameter region of at least one Majorana end
state is expanded in the case of multiple chains.
In Fig. 6 we have plotted the number of topological
channels as a function of the Zeeman energy and trans-
verse hopping tz. The rich nonmonotonic structure of
the number of topological channels as a function of tz
follows mathematically from the absolute value signs in
Eq. (3). As illustrated in Fig. (7), even when the indi-
vidual chains are in the nontrivial phase, the number of
5topological channels and the MBS located at the ends of
the chain do not follow the simple Z2 behaviour where
the number of MBS is given by Nz mod 2. The only no-
table difference between even and odd Nz in the studied
model is that in the odd case the transverse spectrum
λp = cos [
ppi
(Nz+1)
] always contains solution λp = 0. This
implies that ladders with odd Nz always contain at least
one nontrivial channel if the channels are in the nontrivial
phase when decoupled. Since vertical hopping expands
the region of parameter space sampled by different trans-
verse modes, ladders are more likely to exhibit MBS than
single chains. Interestingly, it is possible to achieve Ma-
jorana end states in some counterintuitive cases such as
when two or more trivial chains are coupled by vertical
hopping.
A direct numerical solution of the spectrum of the lad-
der confirms the analytical theory of the number of MBS.
This analysis shows that the 1D chain is robust to site-
to-site random perturbations of the magnetic moment
angle. The topological modes, including those at the
domain wall, were generally tolerant of small random
fluctuations, in some cases remaining unaffected by an
added random component taking values greater than θ3 .
As expected, larger values of θ allow for a larger abso-
lute magnitude of the disorder. In the case of coupled
chains, the situation is more complicated. In some cases,
the system is as robust as in the 1D scenario while in
some situations the number of topological channels can
change more easily. Physically this behaviour is expected
since the phase diagrams in Fig. 5 contain more bound-
aries that can be crossed by random fluctuations. Deep
in a topological phase ladders are still very robust to θ
disorder. For example, for the parameters used in Fig. 5
b), letting θ = pi/3 and B = 4 to place the system in the
middle of the topological regime, the qualitative features
of spectrum are unaffected by a uniform random onsite
angle distribution with amplitude θ/2.
We also studied ladders where the magnetic texture
may rotate in the z direction, keeping the horizontal pitch
in the different chains identical. We discovered that lad-
ders with identical horizontal rows and parameters plac-
ing them in the middle of a topological phase are gener-
ally insensitive to a linear variation of θ as a function of
z coordinate.
IV. DISCUSSION
Above we have analyzed a model of magnetic atoms
placed on a superconductor assuming that magnetic mo-
ments induce impurity states and self-assemble to a spiral
magnetic state. While the studied topological properties
and MBS follow from this relatively simple model, the
applicability of the model to realistic systems is a rele-
vant question. The existence of Shiba states is an ex-
perimentally established fact, but the helical order of the
magnetic moments and the ability to tune the system to a
topologically nontrivial parameter regime is not clear at
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Figure 7: Number of topological channels (MBS pairs) in
the ladder as a function of transverse hopping amplitude in
the case where decoupled chains are in the trivial phase. The
plot parameters are tx = ∆, td = 0, µ = 5∆, B0 = 2.1∆ and
θ = pi/2.
the moment. There are theoretical arguments suggest-
ing that the pitch of the helix will naturally adjust to
the parameter regime supporting topological phase.24–26
A comprehensive microscopic treatment requires a mi-
croscopic solution of the impurity problem and the for-
mulation of a detailed theory of the interaction between
magnetic impurity sites for which the surface effects may
become important. An important step towards a theoret-
ical understanding of the problem was taken in Ref. 22,
where an effective Kitaev-like model was derived from a
microscopic Hamiltonian. The qualitative difference be-
tween their model and Eq. (1) arises from the long-range
nature of the hopping term in Ref. 22. The complex
phases in the hopping amplitudes in the presence of non-
planar helical texture also follow from Eq. (1) when it is
projected to the low-energy bands.23
While a rigorous justification of the model is obviously
beyond the scope of the present work, we will now discuss
consequences of our predictions that could be tested in
experiments. Shiba chains have the great advantage that
MBS could be accessed directly through the tunnelling
spectrum. Focusing an STM tip close to a specific im-
purity site can probe the local density of states. The
existence of MBS give rise to a finite density of states
within the superconducting gap and should show up as
sub-gap peaks in differential conductance. The tunnel-
ing spectrum in the presence of multiple MBS was stud-
ied by Flensberg.37 In the low-temperature limit T  Γ
where Γ is the coupling between the STM tip and a
MBS, the differential conductance should show a quan-
tized peak dIdV =
2e2
h
4Γ2
(eV )2+4Γ2 .
37 At finite temperatures
the peak height is reduced but the enhanced density-of-
states should be observable. If the tip can couple to sev-
eral noninteracting MBS for which couplings all satisfy
Γi  T the expected conductance is a simple sum over all
MBS. Therefore, the two degenerate overlapping MBS at
the magnetic domain wall discussed in Sec. 4 should give
rise to a 4e
2
h peak in the low-temperature limit. When
chiral symmetry is broken, for example by driving super-
current in the system, the two MBS acquire an energy
6splitting and move to finite energies. Then the individ-
ual contributions to the tunneling conductance take the
form dIdV =
2e2
h
(2eV Γ1/2)
2
((eV )2−4t2)2+(2eV Γ1/2)2 , where t is the en-
ergy splitting of the MBS.37 The maximum peak height
from the sum of these contributions remains 4e
2
h but the
peak splits to two separate peaks achieving maxima at
eV = ±2t. The reason why enhancement from multiple
MBS in the tunneling spectrum could be observed is that
the chain may support multiple degenerate (or nearly de-
generate) overlapping MBS making it possible for more
than two MBS to satisfy Γi  T . The domain-wall MBS
are protected by chiral symmetry even though they are
overlapping in space. In the absence of extra symmetries,
two nearby MBS eventually merge to the gap edge and
the sub-gap tunneling peaks vanish.
The enhancement of tunneling conductance from mul-
tiple Majorana edge states in ladders could be observed
in a similar manner. Measuring the tunneling spectrum
from the ends of the ladder should enable coupling to
multiple MBS in the topological regime, therefore lead-
ing to strongly enhanced signal compared to a case of
a single MBS. Studying structures with different num-
bers of coupled chains could reveal the predicted pattern
of MBS. Since the parameter regime where the system
exhibits at least one topological channel is enhanced in
ladders, they could prove fruitful in observing Majorana
states.
V. CONCLUSION
In this work we studied the topological properties of a
chain of magnetic impurity sites on a superconductor.
Our main findings are the discovery of two Majorana
bound states on magnetic domain walls where helical
magnetic order inverts chirality and a systematic study of
Majorana states in multichain ladders with spiral mag-
netic order. The number of Majorana bound states in
ladders has a rich structure and exhibits counterintuitive
features. The domain-wall Majorana states can be ex-
pected to show up as an enhanced peak in the tunneling
spectrum. The predicted pattern of Majorana end states
in ladders could also be observed by fabricating systems
with different numbers of coupled chains and studying
the tunneling spectrum.
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